
LECTURE #Z

CS 170

Spring 2021



Last time : integer arithmetic

• addition : carry method is OCN and is optimal
• multiplication : - long multiplication is 01h21 and is Net optimal

- karatsoba multiplication is Ocn
"09" ) IS even faster methods are known)

The main idea was divide and conquer :

X. Y = XHYH . 10h t (Xu Yat Xi Yu) . 10h12 t XLYL
--

= XH Ye . Ion t ((X"t XD . Kyle ty)-*HI, - XLYL ) . 10
""
t XLYL

This gives a recurrence TCN =3 . T (E) t Ocn) = 0 ( n 1093 .

Today : useful facts :
• solving recurrences like the above

,
in general

. (ab)! lb
= abc

• fast multiplication of matrices
. alogb? (blog ,a) Kgb

"

= (blogbh ) KGB! pglogba



Review an example : TCnt-3.ME/tc.nTCl7--c.1lWLo9 two constants are equal)
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We now do a similar reasoning for a general case .



In general : Tcn) -- a.TIF)t C. nd TH) -- C

Master Theorem for Recurrences

F- sl-r.TK/=0fnd)

F- =L → Tcn) -_ Ofndlogn)

F > I → Tent. ofnlogba)

proof : let us analyze the tree of work .
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We are left to bound and . fit fat . - - t (F)
"8M) in the three cases .

① foot- heavy : if bags I lie, d > toga) then Recall : ttptp't . .. tpk = PHI
htt p - I

Tlnl = c. nd . €¥%= Of nd)
I - Abd

② balanced : if Az, = I lie, D= toga) then

Tcn) = C. nd . ( it . . - t t ) = 0 ( nd logion )
-
- O ( nd login)

-

logbn t'

③ leaf- heavy : if az, > I lie, dslogba) then
ogbntl

Tent = c. nd . = Of ndfagdhgbty-ofndnbnd.ba/=olnb8b9
a Bad
ja
- I

Examples: Tfn ) -- 4 t (E) t Oln ) =D a -- h , b -- 2 , d -- I =D ⇐ = ht > I ⇒ O ( nbgba) -- 01h')

T (n) =3 T(E) t O (n ) =D a=3, b-- 2, D=, =D Afa = Z > I ⇒ Of nkgbato (n'
098)

,



Matrix multiplication ix. / Y ÷; Z• input : nxn matrices X and Y
j
.

• output : product matrix Z := X.Y Zig -- Iii , xixyej-CX-i.SI, YEA, JT ?

In general Not commutative ( it can be that XYHYX ) .

• Naive algorithm : For it ...sn : h times

For jet . .. ,n : n times

compute Zij Ocn ,
} Oln"

• Recursive algorithm : leverage blockwise multiplication

x. y = A B E F
=

AETBG AFTBH
o

C D G H CETDG CFTDH

Tcn ) = 8. TIE ) t 01h21 Vice Master Theorem for recurrences :

- depth of tree is logan
A- 8. b -- 2 , d -- 2 ⇒ Aga -- GI > , ⇒ nlogba

- work at the leaves is slogan=p } n"

same as before



Strassen Matrix Multiplication ( 19691

Improves on the simple divide and conquer approach to beat Ochs ) .

P, = A. ( F -H ) Ps = (AfD)-(ETH ) Pst Pg - p, + PG Pi TR

Pz -_ (ATB) - H Pg = (B -D) -(Gt H ) X - Y = Bt Pg p, t Ps - B-Pa
Pz = (CtDl-E Pa = (A -C) - (Etf )

Pa = Dfa - E)

Tch ) -
- 7.TIE ) t 0Cn4

- depth of tree is login
- work at leaves is 710927 n 10927

=D Tch ) = ( n 10927¥ of n2.81 )

Via Master Theorem for recurrences : Examples of divide and conquer :
a--7

,
b --2.d--2⇒I -- I > I ⇒ n'Bba . Karatsuba : faster integer multiplication

• Strassen : faster matrix multiplication



we 3 to be non- trivialBeyond Strassen I

Suppose you figure out how to multiply kxk matrices in Kw multiplications .
E.g .

Strassen multiplies 2×2 matrices in 7=210927 multiplications .

Then via divide and conquer you get an algorithm in time :

Tl n ) = Kw . Tf Fe ) t 01h21

=D T (n ) = ( n 109k
Kw) = 0 ( nw) .

Hence you can

"

lift
''

any finite - size improvement into an asymptotic improvement .

Researchers have found improvements for very large matrices (K -- lo
'm ) via yet other

recursive techniques , leading to improvements in time for matrix multiplication .

The guest for the best matrix

multiplication algorithm is open .

The fastest algorithm known at

present runs in time a ( n2.3731 .
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